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The purpose of this report is to utilize a sound theoretical 
at formilation, combined with the best aveileble experimental date on 
| ey absorption and rotational Line-width, for the caleuletion of 
- enianivttia of carbon monoxide at roon tomperatures under eonditions 
a overlapping betwoen rotational lines is negligibly small, 

es e. The resulta of the present investigation indicate that ealeu- 

2 | lated enissivities of carbon monoxide ot room tenparature aro in excellent 
 agrecsent with enpirieally observed date published by Hottel and Ullrich, 
the theoretical dependence of emissivity upon optical density at low 

optical density and et room terpereture has been shown to follov the 

‘ ae observations almost emetly, For low optical densities the 

 ealeulated enissivity is found to be nearly proportional to the assumed 

| yototion. Mnewidth, thus anphasteing the need for accurate Lins-width 

determinations at all temeratures. The calewlated devendence of emissivity 

on rotational linewidth permits the determination of emissivity not only 

Mk Penction of texporature, total pressure, and optical density, ‘but 

also es a function of concentration of optically inert gas. For numerical 

| eeloulations of this type it is necessary to obtein exerinontal data for 

Vibe depentonse of rotational Linewidth on the soncentamtion of nen 

The prosent calculations supplement earlier theoretical emissivity 
Geilculations, which are valid only at elevated total pressures where 
extensive overlapping of rotational lines occurs. The ronge of pressures 
in which overlapping botween rotetional lines is neither extensive nor 
negligibly mall hes beon considered only very briefly and requires 

- further examination. 
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The study of radiont heat transfer onl related problems has boen 
foo great impetus in the past decade ty the develoment of propulsive 
¥ " systene vhich danand that ongine and noter eouponente withstand increasingly 
Taprovenent of the engine oni notar eamonente 
requires, anong other things, imoviedge of radiant hect trensfer, which 
Tien Me empresped as & fimction of the exigstvities of the gnses formed ty 
‘eaubustion, Although eonsidereble experimental research his teen done on 
iis eeesureeent of gas enissivities, it has become increasingly evident 
that physical Linttations prohibit the direct exerinental detorninction 
of gaseous entssivities at the touperctures ani vrosoures which aro 
“eneountered in cobustion chaxbors, For this reason it is of obvious 
“practical invortance to develop thoeretical methods for naling enissivity 
‘The generel problen of emission and absorption of radiation 
involves two eseontially distinct types of analysia, One important 
Heese of rndiant heat transfer investigations 1s concemed with the 
determination of radiant intensities if enissivities, absorptivities, 
and scattering coefficienta are know, These studies deal with the 
problem of radictive transfor only. For any defined geometric arrange- 
ment, the radiative transfer problems ean be formulated without difficulty, 
An exhaustive accomt of this work my be found in a recently published 
halk ty Chantreseknor'?) , 
Since radiant heat transfer caloulatione require detailed Imowe 
lodge of axissivitios, absorptivities, and scattering coefficients, it 
is essential to consider nothods for the dotemmination of these quantities. 


@ quantum-nochanicel problems involved in the theoretical calculation 
ivity were solved, in principle, some years aco. The results of 
206 theoretical studies have been applied, te a limited oxtent, in the 
- w0 of spectroscopic measurenents for flame tomperature determination 
from lize intensities‘), and for the enalyais of absorption and omission 
of radiation in the atmosphere!3), An important paper ty Dennison'4), 
written more than tuenty years ago, contains sox of the incite theoreti 
“cal relations which heve been used for numerical enissivity caleulations 
- ni carbon monoxide in the presont studies. 
“Earlier anissivity caleulations(3s5s5) gor diatonte molecules ot 
:  @levated total pressures vores based upon the assumptaon that the over 
dbgtng of the rotational lines ws so extensive that the svectral 
ebsorption coefficient was not a rapidly varying fmetion of the uve 
number, With this assumption, enproxinate emissivity ecloulations were 
corried out using an average spectral absorption coefficient over an 
: effective wiath(3s%s7) corresponding to an entire vibraton-vetation 
‘bend, Reliable emissivity measurements at elevated total pressures are 
not yet avilable for an empirical verification of these calculations. 
Therefore, the calculations were compared with measurements made by 
Ullrich and Hottel at atmospheric pressure. At atmospheric pressure, 
the assumption of extensive overlapping of the rotational lines doses not 
apply and it ves not unexpectod to find that omerinsntally determined 
eulasivities at low optical densities were considerably lower than the 
coleulated values, The observed discrepancies ere the result of the 
fact that the broadening ef the rotations] lines at atnosphorie pressure 
4s for less than is necessary to justify the use of average absorztion 
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mts, For 4ncreasing valuca of optical density, the experinentel 
@ dosivity measurenents were foun’ to apvreach and then exceed the cal- 
si ALARA quiguivition ae the weeks sotetions! lines, vhieh ite cutelis 
the range of the estiunted bandwidth, contributed more and more to the 
: "gto heat transfer, These results indicate that this approximate 
nothed of radiant heat transfer ealoulations in velid for the conditions 
for which 4t wes developed, 1.0,, extensive overlapping of rotational 
lines at elevated total pressures such that an evorage spectral ab- 
sorption coefficient could be used over an effective width corresponding 
It is of obvious importance to apply a method for the calculation 
of enissivities uvler conditions for whieh overlapping of rotetional 
Lines is negligibly sali, Suoh a nethod is avellable as the remilt of 
extension of a theoratical treatment developed by Elsasser(?), whose 
work applied only to equally intense and equally spaced rotational Lines 
which did not overlap, The extension to this treatnent() applies to 
any system with non-overlapping lines. | 
The extent of overlapping of rotational lines is a fmetion not 
Galy of total pressure tut alao of optical denaity, In this report, 
mumerical omispivity calculations have been carried out for carbon 
mabextde to supply valws of extesivity vhich ore relistie only at snail 
optical densities, 1.0.) under conditions such that overlazping of 
 rotatdonel lines may be noglectod, Under these conditions the Line 
shape may be represented by a dispersion formila, Use of the best 
available experimental data on integrated absorption and rotational 
lino-width leads to calewlated emissivitios at room teaperatures which 


y alaltty ensity, 
F — optioal densities, the calculated enissivity ts found to PS 
nega to the asmmed rotational Une-wiath, thus irs 2 

s the need for accurate Linowwdth deterinstions at clevated — 
‘he ealeulated depenience of entosivity on rotation Bus 
h pernits the deteminstion of enissivity not only as a fmotion 
idin, Wisk ences koe tain “denen, ta Shen av ; 
of conoontrction of optioally tnart ons. Tor mmerical cal- 
n ie ws type At 4s necessary to have experinentel data for the ne 
nee of rotational line-width on the concentration of non-enititing 
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‘PUIDAMENTAL THMORBTICAL RELATIONS OF RADIANT ERAT TRAIGFER 


me Ae 5 backgroud’ for the nesricnl caledletions vi4ieh follow, this 
ieee lawemlppporebees 
equations of radiant heat transfer, 

"6 , Radiation from a heated ges originates with a transition fron an 

exited energy level to a lower energy level. ‘These transitions my 

- @orrespond to changes in Gleckrenic, vibrational, or rotational. energy, 

‘The electronte trensitioas, involving much greater energy changes than 
_ the others, cenorelly produce rediation in either the visible or ultre 
“violet regions of the spectre, Vibretion-rotation transitions lead to 
e@miesion in the neor infrcred and infrared rogions of the spectrum, 

) Rating ane exited qubnay.ciee a welidatinel susan of 
‘frequencies, cach individual transition contributing to this cenge, The 
| total radiction 4s obtained by swaing the radiont intensities correspond 
ing to the iniividuel transitions. A theorotiea) ealoulation requires 
the Imowledge of: 

(a) Tho masher of moleeules and atoms in each of the various 
energy levels. With the es-umption of thermal equilibrim, this distri~ 
bution can be calowlated fron quantum etatietics, (10) 
| (b) The frequencies corresponding to these transitions must be 
Imam, Spectrostopie measurements are available vibich will permit these 
frequencies to be calculated with a high degree of accmacy, (11r22) 

(c) The spectral Lino shape must be Imam as a fiction of tem 
perature and pressure, Although thie information is not Inowm accurately, 
calculations of Doppler half-width and’ the effect of collision broadening 
based on recently published infrered absorption neasurenents'43) may 


probabilities which are related to the ineceelianabelie 
determined yolue of the integrated absorption, (4214s25,16) 

At ordinary temperatures the only important contributions to 
: rodent heat transfer originate with the infrared vibration-rotetion 
“Wands, Therefore, caloulstions wilt be restricted to this spectral 


rogion, At room temperature the problem may be simplified further since 
only collision broadening makes inpertent contributions to the line- 

| The spectral radiation intensity emitted by a blackbody is given 
by the woll-lmowm Plenck distribution law: 


; a: ae me | 
P(v)dr = rT he [e*7-1] a (2) 


Here p(»') av’ represents the donsity of radiation in unit volume in 
the itr vere botueen P ond pe dv, h roprosents Planck*tg con- 
stant, ¢ is the velocity of licht, k equals the Boltaenn constant, and 
4s the absolute temperature of the blackbody onitter. It follows that 
ap'= ep (P) ap represents the rediant energy emitted por unit 

area of blackbody por unit tine in the froquoney interval betwoon » 
end p+ ay’, 

- Acoording to the basic law for the absorption of nonochrenatic 
radiation, the fractional decrease in spectre] light intensity 1s pro- 
portional to the optical density, 1.0., 
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wh re pl representa the optical density (1,05, the product of the optical 
path loncth L end. the partial pressure of the gasoous absorber p), and 

" ee is the spectral absorption eoefficient. 

_-—ssIntegration of Bq. (2) results in the expression: 


me where ty is the intenaity of tranemitted light in the spectral rogion 
between / and H+ dy, and I,, is the intensity of the incident Light in 
the same spectral range. The intensity of the light absorbed is, there- 
AL = to -T, = Got Bh) (4) 


According to Kirchhoff's law the ratio of the spectral onissivity 
‘to the spectral absorptivity is umity for all substances vhich are in 
thermal equilibrim, The quinatutty i defined 06 te vedio of the dn 
Paeblty of rediation exitted by a substende per wilt area of exttter per 
wait Ries waxiew specifies conditions of temperature and pressure, divided 
“ty the intensity of redistion enttted by a blackbody per unit area per 
unit time under the same conditions, The absorptivity (1.¢., the frac- 
tion of radiation absorbed) is evidently 1 ~ eo" PE py Bq. (4). Honce 
it follows from Kirchhoff's low that the onissivity is also civen by the 
expression 

EL 1 PL (5) 


where both the spectral enlesivity (€,) and the spectre] absorption 
coefficiont (4) are functions of the wave mmber Hani the absolute 
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The aisporsion formula of Lavonts, viitch ts Imom to cive 2 sation 


; irae low enough to cermit neglect of Doppler broadening, may be 
written as: 


TOS Ae Fy ae | 
eh me C 
for a single rotational line, The term S44 represents the integrated 
absorption for the Line whose center Mes at the wave muibor yy. 
quantity 4; is the spectral half-width, which is defined as thet fre- 
queney interval for which the absorption 1s greater than one-half of 

its maximum value, The wave mubers represented by M44 nay be caleulated 
from the Bohr frequoney rule. 

The spectral. absorption coefficient Py rosulting fron all the 
| rotational trensitions of the fundanentel vibration-rotation bend is, by 
an eviews extension of Eq. (6), 
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where 
8 po idt # the integrated absorption for the transition 
in which the vibrational quantum number 
changes from 0 to 1 and the rotational 


quent muber fron J to J + 1, 
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ao ® the rotetional half—width ef the spectral Lines 
} which is assune¢ to be the same for all of 
the rotational Lines, 
pow = the wave nmmber of the line center of the 
indieated transition. 
At elevated temperatures the value of P, in the rogion of the 
| fundanentel vibration-rotatdon band will be influenced by the contribu 
tion fron trensitions involving nergy states above the first excited 
vitrotionel level. This influence can be accounted for by fneluding an 
appropriate serios of terms 1n Bq. (7) for chenges in vibrational quontun 
 mumber n->n + 1. 
From the relation for the spoctrel emlesivity given in Bq. (5), 
‘Mt fellows that the total equilibrium intensity of rediation emitted per 
| wnt surface ree yor intt tine inte a solid angle of 277 steredians in 
the Wave musbor interval betwoen Y aml V+ dr by heated gasea distributed 
“wniformly at an optical density of pl. 1s: 


ow ES ove ph} (3) 


Hore JO is the intonsity of radiation emitted by a bleckbedy in the wve 
number interval betwen and y + dv inte a solid angle of 21/steradiens 
Bie Wet wurface per unit tine, The quantity J? is obteined from Eq. 
(1) ty miltiplying by 0/4. It is given analytically by the relation: 


ar =f 
ar = 1+" [e ap dv (9) 
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- According to the Stephan-Boltamam lew, which is obteined by ; 
| betearstine Eqs (9) over the wave mmber interval from sere to infinity, 
the totel energy omitted by a blackbody is proportional to the fourth 
, power of the absolute tenpgrature, Le@e, 


em sors (10) 


“vere ois the Stephan-Doltamann constant. The et ae 
of the overall amtsstvity is 


Eu. if yar fot (2) 


Sings the interest'hore 1s 4n comparing theoretical calewlations with 
empirically determined (engineering) eniasivities, further discussion 
“will be restricted to Bq. (21). 

“fhe problem of emisaivity calculations reduces to the evaluation 
‘of Antegrele of the type shown as Eq, (11), This integration can be 
accomplished if the width of the rotational lines is so small thet they 
may be trosted as being completely separated, This problen is considered 
in Sestion IV where it will be shown that the results obtained are 
applicable at noderate total pressures provided the optical densities 
are not too large, The integrals can also be evaluated approncimtoly if 
the pressures are so high that oxtensivo overlapping of the rotational 
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lines occurs. The pressures oxperienced in rocket combustion chambers 
are sufficiently high to justify o troatment based on extensive over= 
lapping of rotational Lines for ory molocules.'”) Colculations of the 
enissivities of cases at intermediate pressures and optical densities 
are more compliented as the result of partial overlapping of rotation:1 
lines. . 
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QD 8 , BASIC NOMSRIGAL DATA 


This section will be devoted to a compilation of the numerical 
4 ‘ta which are necessary for performing enissivity calculations. 


The spectral line half-width & 4s defined as the frequency interval 
fer which the absorption is creater than ono-helf ita nexium velue, The 
determination of its mamitude méer different conditions of optical 
density, total pressure, end temperature is complicated by the number 
of influencing factors, such as Doppler broadening, collision broadening, 
Van der Waol's broadening, electric fields, ete, which effect ite value, (9) 
‘The naturel half-width of the rotational Lines is negligibly 

small, Available theoretieal and oxerinontal inforsetion'4s22) anas- 
cates that the rotational lines af a simple diataxte nolooule at noderate 
pressures may be considered to be composed primarily of the contributions 
resulting from Doppler and collision trocdening. 

The Doppler half-width of o rotational line is expressed by the 
relation‘) , 


OX » = (log 2)" (ainfie?)*y, (12) 


where R is the cas constant per mole, M is the molecular weight of the 
emitting gas, end, is the wave mmber of the center of the rotational 
line. | 

The half-width d, resulting from collision broadening can be 
obvtedned fron the rolation'23), 


zr, ue ; 
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kg = Caf amay® tg [ay = m)/ny)* (13) 


a ccaaal certs vinsh ne aoe 
empirically, and m end m, ore the masses of the perturbing and absorbing 
‘ secu 1» re tively. 


Reference to Eq. (12) inddeates thet the Doppler half-width can 


be determined without the uso of experinente] data, For the case of 
: interest in conection with the presont onissivity calculations, lees, 
‘et temeratures of 300 and 500° K, the Doppler halfwidth 4s negligibly 


gall compared tod,. (Far CO at 900° K with ¥° equal te 2100 a at 


4p found that 4, ~ 2.1 x 10 ea®.) 


Tt 19 evident that 4, cannot be calculated from Bq. (13) since 
must be determined exerixontally, Yor the present onloulstions, 


‘emperinentally determined values of the rotational halfewidth will be 
weed. Tt ban boon fount’"”? enat the retationel halfaaddth for selfs 


broadening of CO is 0.077 af ate, ‘The calculations deseribed in 
Section V indicate thet this value for the rotational halfawidth leads 
to good agreament with the experimentally detormined auiesivities reported 


by Ullrich, who, however, performed his measurencnts on mixtures of CO 
and air, The rotational half-width for CO-eir mixtures has not been 
measured, It 4s probably sonewhet less than 0,077 ai atn™, 


According to the Boy frequency rule, the transition between two 
nomedegenerate stationary energy states By and by whore By > By, will be 


- eeeompanied by the enission of radiant enercy of the frequency: 
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where h is Planck's constant and ¢ is the velocity of light. It is well 
Imown that the onerry levels for a diatomic vibrating-rotating molecule 
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“ean be expressed acourately‘20) by the relation 
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The empirical constants for carbon monoxide are (10) 
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The wave numbors of the spectral line centers associated with the 
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TABLE I 


WAVE mens (ef) conRESPONDING TO ENERGY TRUISTIIGS 
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TABIZ It 


WAVE NUMBERS (etl) CORRESPONDING TO ENERGY TRAISTTIONW 
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TABIS IX (CONTINUED) 
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TABLE TIT 


WAVE NUMBERS (em™) CORRESPONDING TO ENERGY TRANSITIONS 
FOR THE VIBRATION-ROTATION BAND OF THE FIRST OVERTONE OF CO 
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TABIS IV 


FOR THE VIBRATION-ROTATION BAND OF THE FIRST OVERTONE OF CO 
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TABIB V 


WAVE. NUMBERS (em) CORRESPONDING TO ENERGY TRANSITIONS 
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TABLS V (CONTINUED) 


O » 3 Lew 4 
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575405 PY 4 
5761.7 ee 
5733.66 5663.2 
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5691.3 5616.2 
5667.0 5592.1 
564204 5567.6 
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554062 ° 
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TABLE VI 


WAVE NUMBERS (em™+) CORRESPONDING TO ENERGY TRANSITIONS 


FOR THE VIBRATION-ROTATION BAND OF THE SECOND OVERTONE OF CO 
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Dipted a Tattes 1 - VI, 1nce 


The following outline for the caleulation of integrated absorption 
for general vibrating-rotating dintamie molecules is valid for enttters 
which are in thermodynamic equilibrium, | 

The integrated absorptions for transitions from the ground 
vibrational level for the rotational lines of a dintento molecule, in 
the region of the fundanental vibrajion-rotetion spectrum is given by 
Oppenheimer's equation(l4) , 


a! Nr ITE lm shi y ezel: i? ae EG. (16) 


Jry-/ ee? ane oe a2 (2y's/)expl- Falf 7] 
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ees SHC. Kew: e z Herd) exp fEniy | 


The various symbols have the following meaning: 
lp = mmber of emitting molecules per uit volume per mit of 
total pressure 
A+ = reduced mss of carbon monoxide 
E = affective charge (esu) which mst be determined euperically 
@ * velocity of licht 
En,j © energy of the n™ yibretional and J rotational level, an 
explicit expression for which was given proviously 
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= wove mmber (ont) corresponding to the (forbidden) trans- 


ition J = O—mj = 0 a n = Onn = 1 

p22") = wove muber for the rotational transition j -» J! and the | 
vibrational transition n -» n! 

| = temperature in °K 

m* the Boltamann constant = 1.39043 x 107! erg/x 

h = Planck's snsterts « 66052 #10" ore=sec 

I = moment of inertia of the emitting molecules 


s h/t ent of = 2.743 degrees for carbon nonoxide 


Y= Warts, = 2.5116 x 107, 


As is discussed in more detail in Section D, the term 
4 a (23 + 1) exp = (in, j/k?) represents the complete partition 
function and can be evaluated by standard statistieal mothods. If this 
term is represented by Quin, thon Eq. (16) and (17) can be written as: 
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oe, (ree pet J[er(ArlJee) (18) 
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On / ta é . 
| ere’ < ae ( ee ee j [exo wei 7} E «’) (19) 
respectively. 

The term in the first bracket of Eqs. (18) and (19) is temerature- 
dependent because both Mp and Oot vary with temmerstwe, The effective 
charge € is prosumbly a constant, It has been determined empirically 
and has the value 3.14 x 107° erectrostatic mite, 27) Assuming the 

walidity of the ideal gas law, it 1s found for carvon monoxide et 300°K 


that 
Wr €* | 2 246.904 & tnos™= on” 
3 e* 
or ‘i 
uate = 7.40U4 x 10 (en-ceo~ctmos)7> 


Using the listed mmorical velne for iL7e"/Yuc, it is a sinple 
matter to determine the value of (9 = lipME“/3nc” Q,4, by calculating 
Qyjm Bccordling to the mothod described in Section TII.D, In particular, 
at 300°K, it will be shown (Cf. Section ITI.D) that 

Qygy % 0a06122 
whence it follows that 


2 
a = 373.4 ct atmos 
yh c*Ou'm 
Referring to Eos. (16) and (19), it is apparent that the terms in 
the second bracizotsa are also dependent on the temperature but do not 


devend upon the effective charre and therefore can be calculated 
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20 iikaty vithert tequiring mevledee of integrated cbsorption, These 
“noms fonless torms are represented by A ’ pal .y om A y mj ylh . 

spectively, uhere the superscripts and subseripts denote again the 
Biiites? and rotatiouel transitions, respectively. Thay have been 
evaluated at 300, 500, and 1000°, the results being mrmarized in 
Tables VII through IX, 


By the comlxined use of the value of with the data listed in 


: 


Tables ViI throug: IX it is possible to evaluete the integrated absorption 
for the rotational transitions from the relations: 


Owl 
eat” 68 iri nk (20) 
i sig 0 i 
bP Fe Le pas ie (21) 


A revision of integrated absorption values required as the result 
of a chenge in effective charre my be accomplished by a recaleuletion 
ef Tables VII to IX, Relative wilues of integrated absorption for 
different rotationel transitions are independent of effective charge and 
may be determined directly from the data available in Tables VII through 
mm. , 

The integrated absorption for the rotational lines composing the 
first overtone will be identified by the symbols eee 
8 agli 4» depending upon the particular rotetional transitions 
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Ki TABLE VII 


TABULATED INTOGRATED ADSORPTIGNS POR CARBO MONOXIDE 


A? 300° K 
Transition Transition 
WA°jrjer sg O72 103A%.1053 g O72 
joj-2 Jojat j-L>j j-ixj 
<> © 5.5279 2.0642 Oo->1 525716 2.0505 
2a—~il1 10.712 3.9999 avh a 10.879 400623 
3-2 15.279 5.7053 oe 15.641 5 8405 
4—3 19.016 71007 3-4 19.619 73259 
$—>4 21.785 §.1347 4-—- § 22.0647 $4565 
6— 5 23.5 &.7503 5-6 24,0639 9 
7— 6 he2 ioe 6-7 254579 9.5534 
9—8 226 S.5768 S$ 9 24,2634 941935 
wil e 6. li-~l2 18. 6.9 
y% —— 13 12.074 he 13 = BPA 13. 56 
% +l, 9 3.6722 47 15 11,063 461310 
19 -r18 3459 1,3031 18 19 420391 1,508 
20-+19 2.5509 095252 19 — 20 209752 1.1110 
— 23 0.5924 ee2l2l a> 0.7725 0.25845 
—> 25 0.2529 0094435 25—> 0.3399 0,12692 
26 -r 27 0.0998  .037266 27 > 28 0.1383 0051642 
30 -r 29 0.0364 0013592 29 > 30 0.0521 0019455 
35 — 34 0.0021 e 34 +35 0,001, ° 
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TABLE VIII 


TABULATED INTEGRATED ABSORPTIONS POR CARDOI MONOKIDE 


AT 500° K 
Transition 
Os, Ow] * Os_9, 
10°A°3 jel S fale jojel 10% jel>j 
4.4239 4 0.76902 sigs 
Sap hes 1.5270 2—1 8.6955 
s ° — 22. 
16.28% 23108 4—-3 16,250 
21,863 3.80053 ee 
23.753 4012908 %—+6 23,671 
2099 4.33698 d—-9 gs, 
25.4532 443833 9—+8 25,437 
254525 1—-9 25,425 
‘ he18053 122-12 “ 
3.66372 —j33 20,843 
17.316 3.01011 +15 17.054 
13.401 2632955 1s +17 2139 
6.7962 1.19141 22 — 21 6.5965 
heb Z19 0.77737 2h—+23 4.3162 
2.7993 0.48661 26 —» 25 66840 
1.6049 0.29942 28-+27 —-1,.5877 
9.4383 x 1072 ~=— 0, 16408 30 -» 29 09436 
5.1001 x 107 +0 088658 32 —> 31 245009 
2.6287 x 107+ 0, 045606 34->33 24575 
1.2026 x 1072 390, 022473 36 > 35 12002 
6.079 x 10% 0.010559 38 +37 5601372 
2.7258 x 10 =: 0, 004.73% 40>” 2491072 
1.1678 x 10% 0. 42> 41 10596~1 
sis “awe ae ee 
x e — ° 
7,.021Lx 10% , 48 +47 G22L7°8 
2.51% x10% 3, 50 > £9 s 
8.5011 x a .00001;.778 52 . of 
207874 x e 54> 24546 
6.8517 x 10 0000011912 36 > 55 J72L29 
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TABLE IX 


pt: AT 1000° K 
‘Trons! Transition 
fity 107A jeje 10 8 O72 
‘ je jojHl jel >j 
ee > 0 20.13% 1.80576 Oo-1 
2-1 40,023 3.58955 as 
ry 4 —-3 7.763 6.97435 3-4 
6-5 110,80 9.93735 5 + 6 
8-7 = 137.25 12.309 | a 
 w-9 155.8% 13.97 9-10 
BRB 166.17 U,.90333 1-12 
oe 42 15210603 By 
24 — 23 039 91 23> 
26 25 84.367 ° 25 > 2 
26 +27 67.591 ‘ 27 > 28 
3 s a 621 265662 33 — Bh 
| 396-35 21.370 1,91662 35 — 36 
— A hd 6.9252 0.62137 41 — 2 
PH —+ 43 405350 0.406732 43— 
62 +51 0.6598 0.059176 51 — 52 
| a 53 0.034511. . doe 
58 + 57 0.1225 0.010986 57 — 58 
6261 0.0397 0.003203 61 - 62 
68> 67 0.0048 0.000430 67 > 68 
70 + 69 0,0023 0,000206 ) — 70 
72-71 0,0021 0.000098 Tl > 72 
1, > 73 0,0005 0.000044 73 4, 
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TABLE X 


TADULATED INTEGRATED ARSORPTIONS FOR CARBON MONOXIDB AT 300° 


O —~ 2 
Transition at ity Ee 
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‘ake obtained from 8 ‘ rely and § bey a » Tespectively, by 
multiplying by the retio of integrated absorption ef the first overtone 

to the integrated absorption far the fundamental, The exserinentclly 
observed ratio'27) 4. 

1.64/237 = 692x107 (22) 
‘Using this retio, the results swxmrized in Table X are obtained for 
ee a and ob toy tier et 300°K, 


De 


The complete partition fumetion 


yim = 2 D2. (25 +2) exp - (in, Je) 
R nw s 


Sey be wtlusted by standard statistionl methods, (2°) 

If the molecule is approximated as an ideal diatomic gas, 1.6., 
a diatomic gas whose energy is equal to the eum of the energics of a 
one-dimensional harmonic oscillator and of a rigid rotator, then 1t ean 
be shown that {10) 


2 3 ay 
/ Py ee tows sa 
Quim = F0-e*) ( Oey tie t Ret 74 (23) 


f = absolute temperature (°K) 

h = Planck's constant = (6.6242 x 10°? erg-sec) 
‘= the Boltaann constant = 1.36048 x 107! erg 

WV = the vibrational froqueney of the molecule miler consideration 
rT = n° /S9Tk 


w= hW/k 
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The spectroscopic data for carbon monoxide collected by Sponer (1) 
lead to the results 
oT = 2,743 decrees 
we = 3066.9 degreca. 


Using these data, ropresentative numerical values of Cunj for 
@garbon monoxide treated as an ideal diatomic gas are siummerized below: 


TABIZ XT 


Qin * POR CO (ASSUMED AN IDBAL DIATOMIC GAS) AS A FUNCTION or f 


If allowance is made for vibration-rotation interactions within 
the molecules , ami using an expression for the internal onergy of the 
form given in Eq. (23), it 1s found that the partition fimction for the 
general diatomic gas(10) ig 


Own ~ ee) [ ae ae "Ce 5) ya 224 Jere-(trae *))) (24) 


Me oye -(Sltn 7 Fd) 


4s derived fran exp (Bp 0 ) 


f = absolute temperature (x) 
= velocity of Might - 2.9977 x 10% en/sec 
= Bohe/k = 2.743 degrees 
= he# (1 ~ x) /r = 3066.9 
0.00594 
= 06,0091 
= 1.916 at 
Ihmerical veluos of Oy ja Galoulated using Eo, (24) are swmarized 
below: 


 & XK H wo 
a 


TABLE XIT 


Qin FOR CO (GEMERAL DIATOMIC GAS, VIDRATION ROTATION LNTTRACTION) AS A 
FUNCTION OF T 
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TV. HUOSSIVITY CALCULATIONS FoR DIATQIC GASES WITH NOM-OWERLAPTIIG 
ROTATIONAL LINES 


The basic equation for making emissivity calculations has been 
piven previously in Eqe (21), Vide, 


bs fo wa ele a 


If Jp is calculated from Eq. (5) and byis determined from the dispersion 
formila pregonted in Eq. (7), then Bq. (11) can be used for caloulating 
the emissivity at all values of the total pressure ani the optical den- 
sity. A calculation of this sort is extremely Inborious and requires 
tumoerical integrations. For this reason the present discussion will be 
restricted to developing appropriate relations for calculating the 
emissivity for non-overlapping rotational lines, The results of these 
ealeulstions will suvplenent previously published data which are relicble 
enly imder conditions of extensive overlapping of rotational lines, 7) 

At low pressures the rotational lines are so narrow that the con- 
tribution to FP at any wove mmber will oricinnte with but a single 
rotetionsl linc, This means, for example, that in the vicinity of the 
fatational line whose center 1s at Bota. | He er em Om 
makes an appreciable contribution in the evaluation of P» in that region 
is 

S 5a s-7 


(Cr 2r1 +x") 


Therefore, it is possible to subdivide the intervel of integretion of 
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_ Bq. (7) in such a manner thet each subinterval is centered about one of 
as PO,  ., Within the Limits of error of the 
’ 


j-wije- 
assumption of non-cverlanping on the following close approxinetion 
4g obtained: 


Greed [lief nee 


; -cO Ar; aor, ( mes L) (25) 
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Here ah oe a par PRET, j) Tepresont, to « vory close 
approximation, the spectral intensities of a blackbody radiator cvalunted 
at the linc centers corresponding to the indicated transitions, 
‘Sintlerly, P 9S} _ 4, and PS Tyg g 280 the characteristic volws 
of the spectral absorption cocfficient which would be valid if only the 
indicated transitions occurred, The actual extent of the subintervals 
44 may be chosen arbitrarily, For convenience, they may be chosen to 
extend from a wave mmber midway between two line centers to the wove 
number midway between the next successive line centers, The subinter- 


vals neod not be of emml width, The errer introduced by replacing 


coe 


for the non-overlapping condition is negligibly small at low values of 
optical density, The magnitude of this error increases with increasing 
optical density pL, 1.0., increased overlasping of rotational linos, and 
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i ean be estimated readily by mmerical caleulations of the type described 
4m Seotion V.A. The swmation indicated by Eq. (25) then becomes 


o~/ - (Fi y 
a i de = a AG sah led 76 ia (26) 
Jost) fe fi-e Fae Nar} 


_ Infinite integrals of this type have been eveluted by ladenbur¢g 


and Reiche for svectral absorption coefficients given by Bq. (6). The 


integrations result in the e:ression 


- -—Pyoje pL) 
i /-e dr = Lamm 4j6 [oli CGR)” ae 


SS = Besgol fimction of sero order 
Jy = Bessel function of first order, 


Substitution into Eq. (26) results in 
oe Z. Ay ys 7% Wa) 
2g dv = PZ )4i@ [GV IAACEY 
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| This equation indicetes the nothod of ealeulation of the sumed intensity 
of radiation of a series of non-overlapping rotational lines composing a 
given vibrotion-rotation bend, 

Eq. (27) may be wed to obtain asymptotic limiting forms for smll 
and large velues of %;, The Bessol function J,,(¥) can be writton(1®) 
as a por series in 2/2 as follows: 


nN+2 utd nel 
Tn (#) = 4 ae Pe) es (Ba) eee Phe a 


o/n/ JL ¢nei)/ epg J/(n+3)! 


Therefors, incorporating suitable expansions of the remaining terns, 


~%, 
him GE [ bit) tA GB) = 


4, | betas ay ) (29) 
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where only the first term need be retained for sufficiently small velues 
of ZX 5 Similarly, for larce values of Z;, 
-%" ; 
him 2M7Kanye [LOV;)--ACK)] = 2x727£; (30) 
y fied 
The application of Eq, (29) is particularly useful in calculations in- 
volving non-overlapping rotational lines, The condition of larce Z je 


Lor which Eq. (30) applies, generclly implies the occurrence of axpro- 

_ @lable overlapping tetweon rotationel Lines. 

| Ab elevated temperatures 1% is necessary to consider the sontri~ 
butdens from vibrational transitions other than the 0 ~» 1 transitions. 
For this reason, the total radiation intensity must be ealeulated by 
 Aingluxiing in the sw indicated in Bq. (28) toms resulting from the higher 


' vibrational trensitions (2-1, 3» 2, 4 -» 3, ete,, in addition to 


1-—»0). Furthermore, at large optical densities, overtone transitions 
may make appreciable contributions sueh that tho vibrational transitions 
2 <p 0, 3 el, 4 -» 2, otc. must bo considered, 

_ Por non-overlapping rotational lines the intensity of radiation 
emitted by the first overtone is civen by an obvious modification of 
Be. (22). Thus, for the first overtone of CO, 
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Dt. Sy dv = 277 a (viv joss Nts€ [oe uj)-%4 (4) (32) 
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V. NUMERICAL EMISSIVITY CALCULATIONS POR CARDO MONOXIDE at 300° K 


“This section will be devoted to the numerical emissivity cal- 
Culations of carbon monoxide at 300° K, 


As wes discussed in Sections ITZ and IV, antssivity calculetions 
for non-overlapping lines, at temperatures low enough to permit neglect 
of Doppler broadening, ean be carried out since the rotational line} 
ghape is represented satisfactorily by the dispersion formila of Lorentz, 
Eq. (6). 

To illustrate the effect of overlapping on Pp , representative 
calewlations involving the contributions to P, fron two adjacent 
rotational lines have been carried out, In this case the correct expression 
for the enissivity is evidently 


Ep= lee [- (hy, + Pes) ot | (32) 


where PF, and Py represont, respectively, the velues of the spectral 
absorption cocfficients arising from each of the two rotational Lines 
separately, If the two rotational lines are separated sufficiently to 
permit neglect of overlapping, then the spectral omfasivity is represont- 
ed by the relation 


E,= l-ep (Py pL) + l= oxp (+p, pl) (33) 


By evalusting the dicference E,< Ey' fron Eqs. (32) and (33) we ean 
determine the error incurred in making mmerical enissivity calewlations 


u >, a 

ee z 2 3 
—  , (Py Py +P, Py ) pl 
bre Ep = +P, x Py') pi? + d ‘2 2 

a 2 


a (34) 


Sie gan be weed te eatinate the enount by which neglect of overlapping 
‘between adjacent Lines overestimates the value of the enlesivity for j 
gall values of Pp, phand?y, ple | f 
. Eniesivity calculations for tio rotational lines based on the { 
 eorrect expression given in Bq. (32), can be used as a qualitative cuide i 


‘ dn ascertaining the Limits of wlidity of theorctical calculations based ie 
a on @ troatzent for non-overla:ping rotational lines, Thus if the optical 
E i density is sufficiently smell to permit neglect of overlapping between 
a the two strongest adjacent rotational lines, then enissivity caleulations 
r based on Bq. (25) should give valid results. | 
i In Pig. 1 the svectral absorption coefficient Pp is show as a 
) Pindtion of Yat a total pressure of 1 atm, as caleulated from Sq. (7). 
The rotational half-width used to construct Fig. 1 is M= 0.06 at, 
‘References to Fig. 1 shows that the spectral absorption coefficient is a 
" rapidly varying fimction of Mat small total pressures. 
Representative values of Ey calculated from Bq. (32) are show in 

Figs. 2 and 3 es a fimction of with pL treated as a variable parancter. 
Reforence to Fig 2 indicates that the onissivity at a point midway 
betweon the rotational Line centers which are characterized by the 
transitions n= O0-8n=1,$*S-—~j=7 ond f= 7 j= 6, resvectively, 
remains very smll (4.e., ¢» < 0.2) for ph £2 m- atm, Since the 


indicated transitions correspond to the two most intense rotational 
lines (compare Table VII) i4t appears justifiable to conclude that 
emissivity caleulations based on the use of Eq. (25) will yield valid 
results for ph=2 m- atm, Calculations similar to these show in 
Pig. 2 for intense adjacent rotational lines are show in Pig. 3 for 

_ Weak rotational lines, namely, for the lines corresponding to the trensi~ 
tions n=O -wn=1, Jj 7 19 —»j > 18, and § = 15 + j= 17. As is to 
be expected, the enissivity €y is represented more adequately by Eq. 
(33) for larger values of pl than it ws for the more intense rotational 
lines described in Fig. 2. Although the precise evaluation of errors 
arising from the use of Iq. (2°) 4s difficult te carry out, it is evi- 
dent from the data described in Figs. 2 and 3 that the calculated values 
of the emissivity are reliable at least to pL = 2 om = atm and probably 
to somewhat lercer values. This conclusion is borne out by the campar~ 
igon between caloulated and observed emissivities described in Section 
V.B. 


This section will be devoted to the detailed description of the 


application of the mathematical formiletions outlined in Section IV for 
the calculation of the emissivity of carbon monoxide in the special case 
when overlapping betwoon rotational lines can be noglected, A detailed 
calculation will be described for the following special eondtthonst 


Tenperoture = 300° 
Oot4ieal density = 0.1 am = atm 
Rotational half—width = 0,08 an” at atmospheric >ressure 
The sample calculation will be carried out by determining first 
the contributions to the intensity of radiation made by two rotational 
lines, then to perform the memtion over the contributions made by all 
Sionel lines, and finally te convert the swmed radiant intonsity to 
emtasivity. 
The working equntion from which values of the intensity of radi~ 
ation from a single rotational transition in the fimdsnental vibration- 
rotation band can be obtained is derived from Nq. (20) and can be 


expressed as 
= uy 
BS ee )KC LAK) ACH)) (35) 
where 


Ty ® intensity of radiction from a single rotational line, 


J°= blackbody intensity of radiation evalusted at the Line 
center for the indicated transition, 
: O—- 1 
\ Se 934 PAT . 

The best available oxporimental data indicate that the value of 
the rotational half-width of at 300°K is 0.077 en?! Ut sweet, the value 
uged in this sample calculation will te 0,00¢ em, the error introduced 
being of the order of 3% since the emissivity for non-overlayping lines 
48 roughly proportional to the assumed rotational half-width (see Section 
¥.C). 
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Numerical values of the integrated absorvtion of rotational lines 
at 300°K have boon swrerized in Table VII, If the value of the inte- 
Grated absorption for any given trensition ia Imowm, then the term Z 
Gan be evaluated for any optical density,” 

Representative numerical values ere listed in the following 
Table XTII. 


TABLE XTII 


CAICUIATION OF THE TE ti iy rm TWO 


GIVEN TRANSITIONS 


The term ZL; is evidently dimensionless, The terns e744, J,(£%) 
and “i (1%) aro determined from compilations such as those civon by 
Jahnke and Ende'?°), Thus the ountity, 


F(¥y) = 27% Ky OL Doh) LAY) 


may be calculated. 


* Reference to Tables XVI(a and b) and XVIT(e and b) throuchout 
this discussion will clarify the entire procedure wed for numerical 
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Results of this calcwlation for the rotational transitions 
1 = 0 and 10 +» 9 are given in the following Table XIV. 


TABLE XIV 


CAICULATION OF THE TERM P{Z,) FoR TWO GIVEN TRANSITIONS 


ee 
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The desired unite for the intensity of radintion are ors cnt*@ge07) 
Since the units of the torn F(Z) are a, it 1s obvious thet the tor 
S Up 25 /4,) mut bo oxeressed in ergs oxi cai soc, Tables of Radiation 
Functions 29) asst the ratio Ra Ata mex as a fimetion of AT(an -°K), 
The tem RA /R, max is equal to the energy emitted by a blackbody at 
the absolute temperature T per unit tine, per unit area, in 2 wave 
length interval between A and A+ 4A, throughout the solid angle 277 
steredians, divided by the mascimm velue of Ra which is designated as 


Ra mx, Tho quantity Ra mex is given by the oxpression, 
Ff, mx 3 21..201140, (7/5)? org an” soo” (36) 


where 
% * 3.732 x 107 erg an” soc™) 


o& * 1.436 om = °K 


%s 
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At 300°K 4% is found from Eq. (36) that 
R, mx = 9.1488 x 10° eres ax sec™ 


Using this value for Raney, tt is a simple matter to calowlate Ra and 
maf»? , Whigh has the desired dimensions of ergs ~ on” ~ soo”, 
The product of Ra f* and F(X) represents the total radiant inten- 
@ity contributed by a given rotetional line, The various internediate 
steps involved in the calculation of Ty are listed in Table LY for two 
Tepresentative rotational lines, 

Por any specified conditions, the total intensity of radiation 
ean be found by swiming the contributions made by the rotational Lincs 
composing « given vibration-rotation band according to Eq, (2%). 
Detailed calculations at atmospheric vressure and 300°K for an optical 
density of 0,1 an-atm are show in Tables TVI(a and b) and XVII(a and b). 

Reference to either Eq. (5) or Eq. (11) indiectes that the value 
of eniasivity is obtained from the value of totel intensity of rodiation 
by a division by the value of the total blackbody intensity of radiation 
under the given conditions, This quantity is designated by Ro» in 
tables of Planck's Radiation Functions and is conveniently calculated 
from Eq. (10) or the equivalent relation: 


Rovco® 644939300, (7/0p)* (37) 


At 300°K 4% 49 found that Ropes © 4061655 x 10° org en soo, 


This value of Ro-sao has been used for the ealoulation of the 
emissivity listed in Tables XVI(a and »). | 


mw 


TABLE XV 


TINTRMEDIATE STEPS FOR THE CALCULATION OF RADIANT INTENSITY FOR TWO GIVEN TRANSTTIOIS 
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TABLE XVI(a) 


WORK SHEET FOR THE CALCULATION OF THR EUSSIVITY oF caRBaH 
MONOXIDE AT 300°K (A= 0,08 on™, pt = 0.1) (§ 3 22) 


o~s ioe 
*, LZ; Bt: Lees -~EA(iY) 


2.0642 e521475 © 89364 1,06920 0.269711 
3.9999 le 7 035040 1. 0 599829 
5. 023662 1.59063 2a IQhT 5h 
¥ 1.793% 016632 p 
8.1347 2405505 ‘ 2630958 1.67 
8.7803 22181 010381. 2.66430 «1.94607 
9.0499 2428626 010165 2.90115 2.07159 
1.78256 el6S21 1,96633 1.29597 
$.5768 1.70627 018154 1.87152 1,.20%4 
é 1.559354 020525 1.73229 1.06725 
78795 025972 1,.573c4 0912593 
; 1.25523 228501 7 at 
5399 e176 1.30967 é 
4.05085 239692 e40782 1.23146 A95087 
3.6782 e73174 049107 1.13540 0390944 
2.9333 ‘ 055736 1,03700 ‘ 
045513 263436 p 0233470 
1.7451 034717 079559 1.03039 . 
1.3031 025924, Py para 1.01690 2130712 
0.95252 L949 232733 1.00895 00951450 
0047826 2095145 090924 1.00226 #0476240 
0.22121 095094 1.00048 s 
0,094435 2019757 093138 1.00009 20093935 
0,0 00074137 099261 1.0000 ‘ 
0.013592 ‘ 099730 1.0000 20013520 
20037341 200074256 -IV26 1.0000 20003714 
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TABLE XVI(a) (COmNTINUED) 


_ Proneition Yoh)  F(z;) Jy (300) ¥, 
dese GH) y3 ; 


bee 0 1.33692 9208349 13,0920 2.72777 
2 l 0349380 13.2654 4e64130 
geo 2 2.51538 431202 13.4525 Se 
(LR Teal 3 3.25082 487533 13.6361 ° 
ibs . I~ 4 4604386 0335078 13. 7239799 
Ge ; 4461097 2559416 14.0122 783865 
A a j o5CI267 14.2110 8, 

Sao 7 3426170 491613 We4075 7.08291 
Geo & 3.07516 A ists] U. 6.99951 

me 9 2.79954 57385 14.8158 6, 

a =~» 10 2.49123 ohare 15.0252 6044225 

ins ve a> 1 2019411 e . 15.2813 6.02956 

Y-kR 1.32768 0337120 15 5.21106 

oe 3 — 13 1.79653 0313776 15.6620 be9 2064 
be 1.52934 270615 15.9053 
16 we 15 1.391% 227798 16. 3667593 

«1 a 16 1.28595 0136629 16.3791 3.05514 
a 18 ee 17 , J 16.6 a 
20 ae 19 1,104.10 «0370127 17.1304 1.49056 

BR aww AL 1.04968 0456549 17,6633 ‘ 

z o —~ 23 le 20216448 19.2139 394,236 
28 aw 27 1.00371 600371253 19,3927 0720018 
ee) 1.00335 6001359738 20,0097 4 

— hO we 59 1.00037 2000973275 =: 23,5833 0088036 

1 | 

ay 2 1y = 107.249 

ma 


7 E a ra I; 107.249 


! = 2.30314 x 10™ 
: FRo+eo 1.6166 x 
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TADIZ XVI(b) 
WORK SHEL? FOR TUE CALCULATION OF THD MOSSIVITY @ CARBON 
MONOXIDE AT 300°x (A= 0,08 a, pL ® 0.1) (J <» § +1) 
Transition dead : - &-, i 
JS-ey ky ¢ a * (2 L;-) -2 PP i (2? p | 
jJ-l+~jJ 
Que i 2.0805 A139 266107 1.04332 0.21140 
Ll» 2 4.0623 290815 oh 507 1.17009 0.43795 
2—> 3 5 S405 1.16191 03128) 1.35710 2084 
3—- L 7632599 LeZ5741 023284 1.60579 094011 
hw 5 $4565 1.68234 213593 1.94306 1.17599 
5m G 9.2004 1.33033 216036 203043 1.35583 
6m 7 9.5514 1.90016 014954, 2. 
Taw & 9.5349 1.99687 015003 2612331 1.44394 
Sm 9 9.2 1.82995 2lOOL2 2.02993 1.35534 
io — 11 7.8191 1.55553 ° 1.70280 1.03795 
11 12 6.9189 1.37645 025247 1.53251 296461 
122-13 § 9699 1.19745 2 20499 1e3Q&4E2 07049 
Be ava Se HID 236802 1.26527 491 
15 41310 . 043963 1.17612 £4,656 
15 —~ 16 3.3190 286028 251070 1.21200 ‘ 
16 «oe 17 2a ed L92 059516 1.06951 626830 
17 +» 15 2.0051 039839 207106 1.04018 220 
16 —» 19 1,5082 5 e079 1.02266 «15172 
19 -» 20 1.1110 222102 280170 1,01122 011075 
23—~ a 0.23845 205738, 023 1,00082 202069 
25 = 0.12 0025249 097506 1.00015 201262 
27 me 28 20 ° 4. B 1.0 200514, 
29 —- 0019455 20038704 99611 1.0 200194 
39 =e £0 0.00000 0 1. 1,0 0 
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TABLE XVI(b) (CONTINUED) 


Trensition Al 7Z,:1) 
Seewes LL GL-) 


l—-» 2 029113 12, 
3—> 4 20 oh Dh 2 
5 —> 6 3e Pe ss 31S #) 11,9915 
9 =» 10 3.09741 48126 11.4311 
10 +e 1 2674075 045228 11.2958 
li 239742 ALE79 11,1655 
2 13 2.08951 0339 11,0363 
13 —-— 14 1.33078 033054, 10, 
4 -e 15 1.62268 0294.70 10, 
16 —» 17 1.33681 220753 10.5477 
17 -» 15 1.24359 21.6733 
15 ~- 19 1.17438 013121 10.3144 
19 —» 20 1.12197 299993 
al —> 22 1.06398 05712 9.9856 
23 ~ 1.02951 202504 9. 
25 —> 1.01277 001253 945926 
39 =» 40 1.0 0 
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‘The results of more extensive cnissivity ealeulations at 300°K 
ae 
nd atmospheric pressure as a fimetien of optical density are listed 
ble XVIII, 
TABIZ XVIII 


EMISSIVITIES AT 300°K AMD ATMOSPHERIC PRESSURE POR 
NOH-OVERIAPPING ROTATIONAL LIES (= 0,08 a ) 


3  Caleulated Emissivity | Observed Inissivity(?) 
) eacin 


_ *Referer 20 to Table XVIII indleates excollent agreenent between caleuleted 
and observed enissivities for optical densities up to 2 omatm, At | 
ag £ pger ovticol densities the calculated emissivities exceed the 
meas rod valuos. This result is in agreement with the conclusions 
"reached in Section V.3 fron a stuly of overlapping betwoon two adjacent 
' re ational lines, This study suggested that overlapping cannot be 

- fgnered at prosmres exceeding about 2 amotn, Thus the observed dis- 

L  grepancios botween caloulsted and obeorved onissivitios are the result 
eff the fact that the mthenctical techniques used for the ealeuwlation of 
 q@igeivity break down at large optical densities, ‘The data listed in 

: Table XVII provide the first quantitative confirmation of the fact that 


empirieally observed enissivities agroe with emlssivities calculated 
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fr a spectropsepic data at low optical densities, Those resulta 

gupplenent the results of previous caleuletions!5s%s7) ynich showed that 

the calculated temperature dependence of emissivity, os woll as mmerical 
es at large optical densities, agree with observed data, 


Sines the rotational half—ridth is probably the least reliably 
Hwee pheysieal constant entering inte the problen of quantitative 
emissivity calculations, it 1s of obvious importance te determine the 
: nce of enissivity on the assumed rotational half-width for the 
\ ond tion of no overlapping betwoon rotational lines, Miineentetin 
results are swmrized in Table XIX and plotted in Fig. 4, Reference to 
‘the data Listed in Table XIX and shom in Pig. 4 indicates that the 
“ealeulated onissivity is roughly proportional to the assimed value of 
“the rotation: half-width, Furthernore, agreonent between calculated 
ant ebserved emissivities ia soon to be best for X= 0,08 a 

ig 1b low optical densities, Since the bost evaileble estimte for M is 
0.077 at ror selftroadoning’2”, the data of Fig. 4 suggest that 

1 ecdening of the rotationel Lines of CO by air, which wis used in the 
nents of Hottel and Ulbrich, must be about as effective as 


 ‘broedening by CO. 
z The remults of the presont caleulations are of considerable 
Siprection) impéetance An thet 1% bas net bon reniiised tn euginesihe 
 geloulations thot the enissivity 1s a sensitive fnetion of composition 


which determines the rotational nertausath'2” , Thus we must conclude 


| TABIE XIX 
TADULATED RESULTS OF CALCULATED AND OBSERVED ECSSIVTTTES 
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ately over temperature, pressure, or optical density intervals by oe hy 


¢ unsound simplified equations, but it 1s also essential to consider 
the Tieetian vith ste fewer regard for the concentration of infrarede B 


In the comparisons presented in Sections V.B and V.C between 
ated and observed exmiasivities, contributions from the first 


vertone and upper harmonics have beon ignored, The intensity of 


; 
’ = 


radiation emitted fron these vitration-rotation banda should, of course, 


be included in the ealewlatod velues of the emissivity. However, it is 
simple matter to show that for the conditions for which overlapping 

m rotational lines is negligibly amell, the contributions to the 
ont givity from overtone transitions aro also negligibly small, 

_ Representative mmerical values besed on the use of Eq. (31) and 
of the integrated absorption values listed in Table X lead to the over 
tone auissivities listed in Table XIX as a fmetion of optical density. 
‘It 4s evident fron Table XIX that the first overtone contributions to 
the exissivity, for conditions for viich a treatment based on non- 

a3 Retansing rotational lines is valid, are, in fact, loss than 23. 
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Ze ‘coNCTESTORS AND RECOMMENDATIONS FOR FORTH 


The salient conclusions of the present analysis have already 
‘been described tut are emmerated here for convenience, They are 
tl) C25. Sedeetvtecen enloclabed lo tektedie wetheds frou the bork 
available spectroscopic data at low optical densities and room tempera~ 
agree quantitatively with exerinental cseinanieaiiihs 
(2) The lintts of validity of a treatment based on non-overlapping 
. jetional lines are defined conservatively by a consideration ef over 
lapping between two intense adjacent rotational lines, This conclusion 
“eon, no doubt, be made more cuantdtative and less restrictive by a nore 
detailed study of the besie relations. Hovever, tine did not permit 
tu ther consideration of partial overlapping between rotational Lines. 
(3): The emissivity at low optical donsitios is, approximately, a 
u near function of rotational half—width, This result emphasizes the 
need for rolicble halfewidth neasurenente ase function of composition, 
| » and tenperoture. 
Important problems which require further study are the following: 
(1) Emissivity calewletions for partial overlapping between 
: lines, in order to bridge the gap between the treatments bas~ 
‘td on the agsummtion of non-overlapping between rotational Lines and 

| eamlete overlapping between rotctional Lines ‘%+° 7), 
ak i” 7 (2) Emissivity calculations at elevated temperatures for non= — 
 everlapping rotational Lines, in order to demonstrate that the temer- 
- ature~dopendence of emissivity 1s calculoted correctly, The uathemti- 
gal. techniques for this calowlation have all been worked out and 


3 


epplied to a problem on temperature measurements, ‘9 

(3) It 49 apparent at the present tine that a tabulation of 
gaseous emissivities, even for diatomic molecules, cannot be carried out 
completely without the use of automtic computing machines, For this 
reason, consideration should be given to standaridization of techniques 
adaptable to machine caleulations, particularly at clevated temperatures, 
where the entire problem of amissivity calculations is enormously con- 
plicated by overtone transitions. 
. (4) The entire progran of enissivity calewlations of gases is 
based on accurate knowledge of experimental deta on integrated absorption 
and rotational half-width, It is therefore obvious that the »resent 
program devends upon the accurate measurement of the required spectro- 
scopic constents, Purtber extensive studies of this type are being 
carried out at the Jet Propulsion Ieboratory. 
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